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The impact of the short-range interaction on the resonances occurrence in the anisotropic dipolar
scattering in a plane was numerically investigated for the arbitrarily oriented dipoles and for a wide
range of collision energies. We revealed the strong dependence of the cross section of the 2D dipolar
scattering on the radius of short-range interaction, which is modeled by a hard wall potential and by
the more realistic Lennard-Jones potential, and on the mutual orientations of the dipoles. We defined
the critical (magic) tilt angle of one of the dipoles, depending on the direction of the second dipole for
arbitrarily oriented dipoles. It was found that resonances arise only when this angle is exceeded. In
contrast to the 3D case, the energy dependencies of the boson (fermion) 2D scattering cross section
grows (is reduced) with an energy decrease in the absence of the resonances. We showed that the
mutual orientation of dipoles strongly impacts the form of the energy dependencies, which begin
to oscillate with the tilt angle increase, unlike the 3D dipolar scattering. The angular distributions
of the differential cross section in the 2D dipolar scattering of both bosons and fermions are highly
anisotropic at non-resonant points. The results of the accurate numerical calculations of the cross
section agree well with the results obtained within the Born and eikonal approximations.
I. INTRODUCTION
The three-dimensional (3D) dipolar scattering problem
has been studied extensively (e.g. [1–10]), whereas the
two-dimensional (2D) dipolar scattering was separated
to the stand-alone topic, that has been actively devel-
oped and has attracted increasing interest in a number
of theoretical [1, 2, 11–19] and experimental [11, 12, 17–
19] studies recently.
Dipolar gases are more stable in a quasi-two-
dimensional geometry, in contrast with a 3D case, due to
the absence of the ”head-to-tail” instability [11, 20, 21].
Optical lattices with 2D geometries are prospective can-
didates for a dipolar gas stabilization, trapping, and dy-
namics controlling because the dipole-dipole interaction
(DDI) is isotropic and repulsive in the case of dipole
moments polarized along the frozen direction, whereas
tilting of the polarization axis leads to a controllable
anisotropy of the interaction [2, 11, 12]. Molecules colli-
sions in one layer of a pancake-shaped trap are modelled
by a 2D dynamics of the molecules [12, 22–27]. The in-
vestigations of a dipolar diatomic molecules interaction
in a plane are highly relevant due to prospects for one of
the possible realization of a qubit and application to the
quantum computing schemes [28, 29].
As noted in Refs. [17, 22], the ongoing experiments call
for a deeper understanding of the short-range physics in-
fluence on dipolar scattering in a plane. From the exper-
imental point of view, the dipoles’ short-range interac-
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tion control is possible via external fields and Feshbach
resonances mechanisms [2, 20]. There is a number of
significant differences of a 2D dipolar scattering in con-
trast to the 3D scattering, e.g. an s−wave divergence in
the low-energy limit and an existence of a weakly bound
state for any attractive potential [30]. The known re-
sults, describing shape resonances in dependencies of the
cross section on the short-range interaction (SRI) radius
(cut-off radius) for 3D space [4], are inapplicable to the
2D dipolar scattering. The dependencies of the 2D dipo-
lar scattering cross section for the fixed SRI radius were
studied in Refs. [23, 27]. The two-dimensional dipolar
scattering cross section dependencies on the SRI radius
for the arbitrary orientation of the dipole moments have
not been studied. This research fills this gap.
We determined, that for the scattering in a plane cross
sections for fermions are substantially smaller, than those
for bosons at low energies of collisions, like in the low-
energy 3D dipolar scattering [4]. Cross sections of a 2D
dipolar scattering of fermions at high energies are compa-
rable with the cross sections of bosons. We demonstrated
the resonances’ occurrence and an increase of their num-
ber at the decrease of SRI radius below the “threshold”
values obtained in this paper. In the absence of the res-
onances the energy dependencies of the boson (fermion)
dipolar scattering cross section grows (is reduced) with
energy decrease in 2D case, in contrast to the 3D case,
where it has the form of a plateau for both bosons and
fermions [4]. We showed that the mutual orientation of
dipoles strongly impacts the form of the resonant and
non-resonant energy dependencies, which begin to oscil-
late with the tilt angle increase, unlike the 3D dipolar
scattering [4, 31], where there is no such oscillations.
2In contrast to a large amount of the papers, devoted to
the scattering of aligned dipoles [2, 4, 22, 23, 32–34] we
consider the scattering of arbitrarily oriented dipoles in a
plane. Anisotropic collisions of two dipolar Bose-Einstein
condensates [35] or collisions of slow polar molecules pre-
pared in a “cryofuge” [36], make the two-body differential
scattering cross section detectable. The collided dipoles
will have different orientations of dipole moments if the
initial samples of dipolar gases are prepared under dif-
ferently directed external electric fields. In this paper,
the strong changes of the differential cross section an-
gular distributions in resonant and non-resonant points
were revealed for the scattering of the arbitrarily oriented
dipoles in a plane, not only for fermions but for bosons
as well. So, this paper is highly relevant for an interpre-
tation of such experiments.
The dipoles interaction potential at short-range is ap-
proximated here by two types of potentials: by a hard
wall with the radius ρSR [4, 22, 23, 27, 32, 33] and with
a more realistic Lennard-Jones potential [34, 37], while
at long-range it is modelled by the DDI [38].
The description for the 2D dipolar scattering problem
and the improved numerical algorithm (with the bet-
ter convergence) for its solution are briefly described in
Sec. II. The analysis of the numerically obtained results
and their comparison with the results within the Born
and eikonal approximations are presented in Sec. III.
Sec. IV contains the conclusion remarks.
II. QUANTUM SCATTERING OF
ARBITRARILY ORIENTED DIPOLES IN PLANE
The 2D Shro¨dinger equation for describing quantum
dipolar scattering in a plane on anisotropic potential
U(ρ, φ) in polar coordinates (ρ, φ) reads:
[
− ~
2
2µ
(
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂φ2
)
+U (ρ, φ)−E
]
Ψ(ρ, φ) = 0
(1)
with boundary condition in the asymptotic region
ρ→∞:
Ψ (ρ, φ)→ eiqρ + f (q, φ, φq) e
iqρ
√−iρ . (2)
The relative momentum q is defined by the collision en-
ergy E with q =
√
2µE/~ and µ denotes the reduced
mass of the system. The incoming wave direction q/q is
defined by the φq angle.
The interaction potential has the form:
U(ρ, φ) = VSR(ρ) + Vdd(ρ, φ), (3)
The long-range interaction potential of the two arbi-
trarily oriented dipoles Vdd(ρ, φ) in a plane reads:
Vdd(ρ,d1,d2) =
1
ρ3
(
(d1d2)− 3(d1ρ)(d2ρ)
ρ2
)
, (4)
Figure 1. The scheme of mutual orientation of two arbitrarily
oriented dipoles d1 and d2, moving in the XY plane.
where di(i = 1, 2) – dipole moments, and (diρ)/ρ denote
their projections on the axis, that connect dipole cen-
tres of mass. The expression (4) in polar coordinates is
represented as:
Vdd (ρ, φ;α, β, γ) =
d1d2
ρ3
[sin(α) sin(γ) cos(β)+
+ cos(α) cos(γ)− 3 sin(α) sin(γ) cos(φ) cos(φ− β)], (5)
where angles α and γ define the dipole tilt with respect
to the Z-axis and the angle β determines the spatial ori-
entation of the Zd1 and Zd2 planes. The scheme of the
mutual orientation of two arbitrarily oriented dipoles is
represented in Fig. 1.
In this paper, for an approximation of the repulsive
SRI VSR(ρ) we use two different types of potentials: the
hard wall potential with the width of ρSR (so that the
wave function is equal to zero at ρSR):
VSR(ρ) =
{∞, ρ 6 ρSR
0, ρ > ρSR
, (6)
which has been previously applied by other authors [4,
23, 33], and
the more realistic Lennard-Jones (LJ) potential [34, 37]
VSR(ρ) =
C12
ρ12
− C6
ρ6
. (7)
A fixed value of the C6 parameter of the Lennard-
Jones potential was taken for polar molecules, e.g.,
C6 = 1.5 10
6 a.u. for the 23Na87Rb polar molecule [37,
39]. The dipolar length scale D for polar molecules
(D ≈ 182554 a.u. for 23Na87Rb) is much larger than
the van der Waals length scale R6 = (2µC6/~
2)1/4
(µ = 100167 a.u.; R6 ≈ 740 a.u. for 23Na87Rb) [37] and
the Lennard-Jones potential is effectively used as the
short-range repulsion potential for the dipole-dipole in-
teraction potential. Increasing the C12 at the fixed C6
leads to an increase of the short-range part of the U(ρ, φ).
So we vary C12 to reproduce the change of ρSR.
In order to compare the results of two types of poten-
tial with each other, we need to relate the SRI radius
ρSR with the Lennard-Jones C6, C12 parameters. We
define ρSR for the Lennard-Jones potential as ρSR =
3min(ρ0(φ)), where ρ0(φ) is the positions of the zeros
of the potential U(ρ, φ). From the physical point of
view, min(ρ0(φ)) — the minimal distance, that molecules
could reach at low energies of collision. For the con-
sidered polar molecules the term −C6/ρ6 is small com-
pared to Vdd. Thus, ρSR is found under the condition
C12/ρ
12 + Vdd(ρ, β/2) = 0, from which the next relation
follows:
ρSR =
[
C12(EDD
3)−1
sin(α) sin(γ)3+cos(β)2 − cos(α) cos(γ)
]1
9
. (8)
For the hard wall potential (6), the equation (1) with
potential (3) in the dipole units of length D and energy
ED:
D = µd2/~2, ED = ~
6/µ3d4,
could be written in a dimensionless form:[
−1
2
(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
1
ρ2
∂2
∂φ2
)
+ U (ρ, φ)
]
Ψ = EΨ (9)
For the 23Na87Rb polar molecule the dipole moment
d = 1.35 a.u. [39], so ED = 2.996× 10−16 a.u.. We note,
that in case the hard wall potential is chosen as VSR,
the dipolar scattering properties can be scaled for the
parameters of the particular system [31]. For the consid-
eration of the Lennard-Jones potential, the dipolar scat-
tering properties depend on the relative strength of the
van der Waals and dipolar interactions. The Lennard-
Jones potential conversion to the dipolar units reads:
VSR(ρ) =
1
ED
(
C12
ρ12
− C6
ρ6
)
. (10)
A scattering differential cross section is defined by the
calculated scattering amplitude f (q, φ, φq)
dσ(q, φ, φq)/dΩ=|f(q, φ, φq)|2, (11)
where dΩ = dφqdφ. A total cross section is obtained by
averaging over incoming wave directions (φq) and inte-
gration over scattering angle φ:
σ(q)=
1
2π
2pi∫
0
2pi∫
0
dσ
dΩ
dφqdφ. (12)
A transition to scattering of identical bosons
(fermions) is done with the symmetrization ǫ = +1 (an-
tisymmetrization ǫ = −1) of the wave function:
Ψ (ρ, φ)→ eiqρ + ǫ e−iqρ + f(φ) e
iqρ
√−iρ (13)
as well as the differential cross section:
dσ(φ)/dΩ = |f(φ, φq)|2 = |f (φ) + ǫf (|180◦ − φ|)|2 .
(14)
The definitions (11) and (14) show, that it leads to
an increase for bosons and a decrease for fermions of the
differential cross section with respect to the case of dis-
tinguishable particles for some scattering angles, e.g., for
φ+ φq = 90
◦:
dσB(φ+ φq)
dΩ
= 4
dσ(φ+ φq)
dΩ
(for bosons),
dσF (φ+ φq)
dΩ
= 0 (for fermions).
To tackle the problem (1)–(2), along with interac-
tion potential (3) we apply the numerical scheme, that
we applied to the quantum anisotropic scattering in a
plane [27].
The following wave function expansion is applied:
Ψ (ρ, φ) ≈ 1√
ρ
M∑
m=−M
2M∑
j=0
ξm(φ)ξ
−1
mjψj(ρ), (15)
where ξ−1mj =
2pi
2M+1 ξ
∗
jm =
√
2pi
2M+1e
−im(φj−pi) — is the in-
verse matrix to the square matrix (2M + 1) × (2M + 1)
ξjm = ξm(φj), that is defined on the uniform angular grid
φj =
2pij
2M+1 (where j = 0, 1, ..., 2M). In the angular grid’s
nodes φj : Ψ (ρ, φj) ≈ ψj(ρ)/√ρ. ξm(φ) = (−1)
m
√
2pi
eimφ
are the eigenfunctions of the operator h(0)(φ) = ∂
2
∂φ2 and
serve as a basis of functions for the wave function expan-
sion over the angular variable.
In representation (15), the 2D Schro¨dinger equation
transforms in the system of (2M + 1) coupled second-
order differential equations:
d2ψj(ρ)
dρ2
+
2µ
~2
(
E − U(ρ, φj) + ~
2
8µρ2
)
ψj(ρ)+
− 1
ρ2
∑
j′
M∑
j′′=−M
j′′2ξjj′′ξ−1j′′j′ψj′(ρ) = 0. (16)
The seven-point finite difference approximation of six-
order accuracy is used for the derivatives discretization.
An obtained on each iteration matrix problem is tackled
with the matrix modification of the sweep algorithm for
the band matrix.
The original numerical algorithm [27] was modi-
fied. For a differential grid over a radial variable
({ρk}; (k = 0, 1, ..., N)) we use the non-uniform grid:
ρk =ρ0 + (ρN − ρ0)t2k, (17)
tk =k/N ; tk ∈ [0, 1]. (18)
and which is similar to the quasi-uniform grids [40]. This
modification allows us to substantially decrease the num-
ber of differential grid nodes N over the radial variable ρ
and to increase the algorithm’s convergence rate, which
has saved a lot of computation time.
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Figure 2. The dependence of the critical tilt angle αc(β, γ)
of the dipole d1 on the rotation angle β and on the tilt angle
γ of the dipole d2 (see the scheme in Fig. 1). The inset
presents the critical tilt angle αc(β, γ) as a function of the
rotation angle β for the case of the dipoles with equal tilt
angles (γ = α).
III. RESULTS
A. Critical (magic) angle for scattering of
arbitrarily oriented dipoles
Here we consider the reshaping of the dipole-dipole
interaction potential Vdd with increasing the tilt angle
α of the dipole d1, with respect to the direction of the
dipole d2: with the tilt angle γ and rotation angle β
between the planes Zd1 and Zd2 (see Fig. 1).
Domains of the attractive dipolar interaction arise
around the points φ′, that are defined by the expres-
sion: ∂Vdd(ρ,φ)∂φ
∣∣∣
φ′
= 0. The critical tilt angle αc(β, γ) is
defined as the angle α (see Fig. 1), above which values
of Vdd potential become negative in the points φ = φ
′:
Vdd(ρ, φ) < 0. Thus, the condition:
Vdd(ρ, φ
′) = 0, (19)
determines the dependence of the critical tilt angle α =
αc(β, γ) of the dipole d1 on the rotation angle β and the
tilt angle γ of the dipole d2:
αc(β, γ) = arctan
(
2 cot(γ)
3 + cos(β)
)
, (20)
presented in Fig. 2. The critical tilt angle αc(β, γ) in-
creases as β → 180◦ (e.g. at γ = 45◦ the angle αc in-
creases from 26.56◦ to 45◦). It should be noted, that at
β = 180◦ the critical tilt angle can be found from a plain
ratio αc(β, γ) = 90
◦ − γ, which is indicated in Fig. 2 by
the solid red line.
When the dipoles’ tilt angles are equal (γ = α) and
the second dipole is rotated along the Z axis, the critical
tilt angle as a function of the rotation angle β has the
form:
αc(β, γ) = arctan
√
2
3 + cos(β)
, (21)
(see the inset of Fig. 2). When one considers the aligned
dipoles case γ = α and β = 0◦, the expression (21) re-
produces the known value of the critical (magic) angle
αc(β, γ) = arctan
1√
2
≈ 35.3◦ or 90◦ − αc(β, γ) = 54.7◦
(if the tilt angle is defined with respect to the plane XY ),
as previously mentioned [23, 41, 42]. The maximal value
of the critical angle αc(β, γ) at γ = α is equal to 45
◦ and
it is reached at β = 180◦.
B. SRI-induced resonances in low-energy 2D
scattering of boson and fermion dipoles
We numerically calculated the accurate values of the
total cross section σ(ρSR) of a 2D scattering as a func-
tion of a SRI radius ρSR at the low collision energy
E = 5× 10−4ED. The obtained results for the identi-
cal boson and identical fermion scattering are illustrated
in Figs. 3 and 4, respectively.
Fig. 3 presents the dependence of the total cross sec-
tion of the dipolar scattering of identical bosons on the
SRI radius ρSR in the collision of two aligned β = 0
◦
(a, c) and unaligned β = 180◦ (b, d) dipoles (at γ = α),
tilted at the angle α = 45◦ (a, b), as well as for a limit-
ing case of dipoles lying in the scattering plane α = 90◦
(c, d). The results for the hard wall potential are marked
by a black dashed line, whereas for the Lennard-Jones
potential by the blue solid line. The distinct narrow res-
onances in the dependence of the calculated total cross
section σB(ρSR) for bosonic dipoles occur for the scat-
tering of the two aligned dipoles (β = 0◦; γ = α) at tilt
angles α = 45◦, presented in Fig. 3(a). The number of
resonances in the cross section dependence on the ρSR
is quadrupled with increasing tilt angle α from 45◦ up
to 90◦. The calculated dependence of the σB(ρSR) for
the two dipoles, that are directed in the scattering plane
XY (α = 90◦) is presented in Fig. 3(c). The analysis
of Fig. 3(c) shows, that as ρSR decreases the resonances
increases in number while simultaneously becoming nar-
rower.
The cross section does not depend on the SRI potential
and there are no dipolar scattering resonances at α ≤
αc(β, γ) and ρSR/D ≪ 1, that is shown in Fig. 3(b)
for α = 45◦ (γ = α). Thus, the rotation of the dipole
moment vector d2 around the Z axis by β → 180◦ causes
the narrowing of the domains, where the dipolar potential
is attractive, and the number of the resonances decreases
until they disappear at β → 180◦. It should be noted,
that the resonances emerge also in the case of oppositely
oriented dipoles (β = 180◦) lying in the scattering plane
at α → 90◦ (γ = α,α > αc), as illustrated in Fig. 3(d).
The increase of tilt angles α, γ of dipoles and arising of
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Figure 3. The dependence of the total cross section of the
dipolar low-energy scattering σB of identical bosons on the
SRI radius ρSR at collisions of two aligned β = 0
◦ (a, c) and
unaligned β = 180◦ (b, d) dipoles (at γ = α), tilted to the
angle α = 45◦ (a, b), as well as for a limiting case of dipoles
lying in the scattering plane α = 90◦ (c, d). The results
obtained with the use of the hard wall potential are marked
with a black dashed line, whereas those obtained by the use
of the Lennard-Jones potential — by the blue solid line.
(a)
(b)
(c)
(d)
Figure 4. The same as in Fig. 3 for identical fermions. The
Born approximation is marked by a green bold line.
domains with attractive dipolar potential leads to the
strong dependence of the dipolar scattering cross section
on the radius ρSR of the SRI potential.
The distinguishable particles scattering in low-energy
limit has also been investigated and the obtained results
are almost matching within a factor of 4 with the ones
for the scattering of identical bosons, due to the s-wave
contribution, that grows with an energy decrease.
The analysis of our calculations results has showed,
that the fermion scattering is significantly different from
the boson scattering at low energies. As expected accord-
ing to the Wigner threshold law [43] the fermion scatter-
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Figure 5. The energy dependencies of the total cross section of the dipolar scattering of identical bosons σB(E) (α = 45
◦(a),
90◦(b)) and identical fermions σF (E) (α = 45
◦(c), 90◦(d)) for aligned dipoles configuration β = 0◦ and γ = α. The tilt angle
exceeds the critical angle α > αc (αc = 35.3
◦) for such dipole mutual orientations. The curves corresponding to the resonance
points in Figs. 3 and 4 are indicated by a red solid line, the non-resonant curves by a blue dashed line; the Born approximation
by a green dotted line, the eikonal approximation by a gray dashed line.
ing is suppressed compared with the boson scattering.
The calculated total cross section of dipolar scattering
of identical fermions as a function of ρSR is presented
in Fig. 4 for equal angles γ = α of dipoles, tilted to the
angle 45◦ for aligned β = 0◦ (a) and unaligned β = 180◦
(b) configurations, and also for the limiting case of two
dipoles lying in the scattering plane α = 90◦ for par-
allel β = 0◦ (c) and antiparallel β = 180◦ (d) dipole
moments. The comparative analysis of Fig. 3 and Fig. 4
demonstrates, that for the case of fermion collisions, the
amplitudes of the resonances are two orders of magnitude
smaller, than those for bosons, in the case of low energy
of the collision.
The shapes of resonant curves in Figs. 3(c) and 4(c)
for the particular case of 2D scattering of aligned dipoles
lying in the scattering plane (α = 90◦) have the similar
profile with the results of Ref. [4], obtained for the low-
energy 3D dipolar scattering (see Fig.3 of Ref. [4]). In
our opinion, this fact of the similar profile is due to the
high probability of the “head-to-tail” dipole collisions.
We have also calculated the dependencies
σB(ρSR), σF (ρSR) when using the realistic Lennard-
Jones potential as VSR. The results are presented in
Figs. 3 and 4 and are marked by a blue solid line. The
Lennard-Jones potential models short-range repulsion
more physically, in the sense of introducing correlations
between the different partial waves short-range phases,
which shift narrow resonances in high partial waves, as
seen in Figs. 3 and 4. But the resonances’ structure
remains qualitatively the same as when using the hard
wall potential, because the resonances are due to the
s-wave (p-wave) dominance in the scattering of bosons
(fermions). The comparison of the calculation results,
which were obtained by using the hard wall potential
and the Lennard-Jones potential, shows their equal
efficiency. The results of calculations are qualitatively
7and quantitatively similar. So we make a conclusion
about a good applicability of the hard wall potential for
the 2D dipolar scattering characteristic calculations and
hereafter we present the results, which were obtained
using the hard wall potential.
We reveal, that the 2D dipolar scattering cross sec-
tion dependencies on the SRI radius for both bosons and
fermions are strongly changed for different mutual ori-
entations of arbitrarily directed dipoles. Figs. 3 and 4
illustrate this fact.
C. Energy dependencies of cross section of bosonic
and fermionic dipoles scattering in plane
The energy dependencies of the cross section of the
dipolar scattering in a plane were studied in Ref. [22]
for the isotropic repulsive case of dipolar interaction.
Here we present the results of the calculations of the
energy dependencies for the anisotropic dipolar interac-
tion potential Vdd. The energy dependencies of the total
cross section of the dipolar scattering of identical bosons
σB(E) (α = 45
◦(a), 90◦(b)) and identical fermions σF (E)
(α = 45◦(c), 90◦(d)) for aligned dipoles configuration
β = 0◦; γ = α are illustrated in Fig. 5. The tilt angle
exceeds the critical angle α > αc (αc = 35.3
◦) for such
dipole mutual orientations. The curves corresponding to
the resonance points in Figs. 3 and 4 are indicated by a
red solid line; the non-resonant curves by a blue dashed
line; the Born approximation by a green dotted line, the
eikonal approximation by a gray dashed line.
The analysis of the dependencies shows that in a low-
energy limit, the cross section of resonant cases is at
least an order of magnitude greater than the values for
non-resonant cases. The cross section of identical bosons
scattering increases in the E → 0 limit in both cases
due to the s-wave, which is caused by the divergence in
2D space [30]. It should be noted, that in the vicinity
of resonances the cross section is an order of magnitude
greater than those at the absence of resonances. All res-
onant curves of the cross section σF (E) for the dipolar
scattering of fermions demonstrate a peak shape in the
low-energy limit, in contrast to the non-resonant curves,
that monotonically decrease. These peaks shift to the
lower energies with the growing value of its maximums
at an increase of ρSR. The resonances for fermions are
narrower than for bosons, due to potential barriers for
high partial waves, that suppress the partial cross sec-
tion in the low-energy limit.
The boson (fermion) dipoles 2D scattering cross sec-
tion in the absence of resonances increases (decreases)
in the low-energy limit in contrast to the 3D scattering,
where the cross section in the absence of resonances has
the form of a plateau in the low-energy limit for both
bosons and fermions (see Fig. 2(a,b) in Ref. [4] or Fig. 1
in Ref. [31]).
We also showed that the mutual orientation of dipoles
strongly impacts the form of the energy dependencies.
Figure 6. The dependence of the total cross section for dipolar
scattering of fermions on the tilt angle α in degrees (at γ = α)
and on the rotation angle β in degrees obtained within the
Born Approximation.
Thus, at an increase of the angle α from 45◦ to 90◦
(see Fig. 5) the resonant and non-resonant dependencies
σB(E), σF (E) begin to oscillate, unlike the 3D dipolar
scattering [4, 31], where there is no such oscillations.
D. Born approximation
For weak dipole moments, the Born approximation
(BA) [44] was used to estimate the ultracold dipoles scat-
tering amplitude in Refs. [22, 23, 32, 45–47]. A good
agreement with close-coupling calculations [22, 23, 32,
45–47] was obtained away from resonances. However, in
the vicinity of the resonances the Born approximation is
not valid and one has to numerically calculate the scat-
tering cross sections [48].
We generalize the expression of the total cross section
of aligned dipoles, obtained within the Born approxima-
tion in Ref. [23] for the long-range part of the poten-
tial (5) by a summation of three series of partial cross
section, for the case of arbitrarily oriented dipoles (iden-
tical fermions):
σBA/D = 8
√
2E/ED
[
π(π − 2)
(
sin(α) sin(γ) cos(β)+
+ cos(α) cos(γ)− 3
2
sin(α) sin(γ) cos(β)
)2
+
(
π(π + 2) +
32
9
− 63520
3969
)(
3
4
sin(α) sin(γ)
)2]
.
(22)
The dependence (22) of the BA on the the tilt angle
α (at γ = α) and the rotation angle β at the energy
E = 5× 10−4ED is illustrated in Fig. 6.
8As seen in Fig. 4, the σF obtained within the Born
approximation (BA), that is marked with a bold green
line, roughly agrees with the calculated values of σF (ρSR)
away from resonances, but it is inapplicable when the
resonant structure of the σF (ρSR) dependence is dense.
The BA predicts the same cross section values for the
β = 0◦ and β = 180◦ at α = 90◦. On the basis of the
analysis of Fig. 6, one could expect that the scattering
cross section should be less dependent on the tilt angle
α as β → 180◦ and should approach the value of α = 0◦
case, which is confirmed only for the α < αc. Thus,
the calculated dependencies show, that the BA (22) is
applicable to the two-dimensional dipolar scattering of
fermions when the tilt angle of the dipoles is less than
critical angle α < αc, when the DDI potential does not
support bound states.
The BA is not directly applicable to the scattering
of identical bosons or distinguishable particles, due to
a divergence of the s−wave contribution in the region
of the short-range potential, which must be explicitly
accounted, since there is no centrifugal barrier for the
s−wave. The divergence could be avoided by the use of
the pseudopotential with a “potential strength” [32]. Al-
though, in order to obtain the “potential strength” it is
necessary to numerically solve the full two-dimensional
Shro¨dinger equation, so it is useful only for the following
many-body calculations. That is why we compare the
BA only with the scattering of fermions.
In the low-energy limit the values of σBA(E), ob-
tained within the BA, marked by a green dotted line in
Fig. 5(c,d), agrees well with the non-resonant dependen-
cies σF (E) for the fermion scattering. Note, that there
is no such agreement for the resonant curves in Fig. 5.
E. Eikonal approximation
In the high energy regime E ≫ ED, the semi-classical
eikonal approximation [22, 23, 49]:
σEik/D =
4
√
π
(2E/ED)1/4
, (23)
is applicable to estimate the scattering cross section. For
E > 50ED the dependencies of the 2D dipolar scattering
cross section on the collision energy of bosons, σB(E),
and fermions, σF (E), oscillate around the curve of the
eikonal approximation σEik(E), marked by a grey dot-
dashed line in Fig. 5(c,d). The dipolar scattering cross
sections, obtained within the eikonal approximation, are
in an excellent agreement with presented in Fig. 5 numer-
ically calculated cross sections of dipolar scattering σB
and σF , that correspond to the absence of resonances,
at E > 50ED. This is explained as follows: the more
partial waves are involved in the scattering with an in-
crease of the collision energy, the more the scattering
cross section approaches to semiclassical estimates. How-
ever, the cross sections of dipolar scattering of bosons
and fermions obtained numerically, which correspond to
the occurrence of resonances, are strongly different from
those of σEik, which indicates a significant impact of the
s− and p−waves on the scattering of dipoles even for the
high energies E ≫ ED.
F. Impact of SRI on high-energy 2D scattering of
arbitrarily oriented dipoles
We also analyzed the SRI impact on the total cross
section for the high energies of the dipolar collisions in a
plane (E = 50ED), that were studied in Refs. [23, 27] at
fixed values of ρSR. The calculated dependencies of the
total cross section on the dipole tilt angle α (at γ = α),
for variable ρSR and rotation angle β are presented in
Fig. 7 for the case of identical bosons and fermions. The
graph analysis demonstrates the existence of “threshold”
value ρSR/D = 0.3, below which the strong oscillations
(with resonances number increase) occur in the depen-
dencies σB(α), σF (α). The number and magnitude of
the σB(α), σF (α) oscillations decrease with an increase
of the rotation angle β → 180◦. Note, that oscillations
and resonances in the dependencies σB(α), σF (α) disap-
pear at the tilt angle α less than the critical angle αc(β, γ)
at γ = α (21) and ρSR/D < 0.1. That is, in the consid-
ered range ρSR/D < 1 the SRI effects dipolar scattering
if the tilt angle α is greater than the critical angle. The
DDI could be seen as a perturbation of the isotropic re-
pulsive part at ρSR/D ≫ 1, and this regime will be stud-
ied in future works. The SRI radius ρSR decreases with
the tilt angle α larger than the critical angle αc which
leads to the occurrence of oscillations and resonances in
the dipolar scattering cross section of bosons as well as
fermions. Occurrence of the oscillations and resonances
at the angle α achieving the critical angle αc is demon-
strated in Fig. 7 for the range ρSR/D ≤ 0.1, when both
dipolar interaction and SRI contribute to the scattering
(in Fig. 7(a,b) αc = 35.3
◦, in Fig. 7(c,d) αc = 39.2◦, in
Fig. 7(e,f) αc = 45
◦).
G. Angular distributions of differential cross
section
We revealed the strong dependence of the angular dis-
tributions of the 2D dipolar scattering differential cross
section dσ/dΩ on the value of SRI radius ρSR. The dif-
ferential cross sections of the dipolar scattering of bosons
for resonant case are presented in Fig. 8(a,c) at the points
ρSR/D = 0.076, 0.056 and for non-resonant case are pre-
sented in Fig. 8(b,d) at the points ρSR/D = 0.077, 0.23.
In Fig. 8(a,b,c,d) QBX and Q
B
Y denote dσB/dΩcos(φ) and
dσB/dΩ sin(φ) respectively.
The differential cross section angular distributions for
bosons exhibit circular shape in the resonant ρSR points
both for α = 45◦ and α = 90◦, indicating s−wave dom-
inance in the resonance emergence. At dipole tilt an-
gles, which are larger than a critical angle, the dσ/dΩ
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Figure 7. The dependencies of the total cross section on the tilt angle α of the dipoles (with respect to the normal to the
scattering plane XY ) for the case of the equal dipole tilt angles γ = α at various values of ρSR in the 2D scattering of identical
bosons (β = 0◦(a), 90◦(c), 180◦(e)) and fermions (β = 0◦(b), 90◦(d), 180◦(f)). The critical angle αc(β, γ) = 35.3
◦, 39.2◦, 45◦
for β = 0◦, 90◦, 180◦, respectively, and γ = α.
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angular distribution has disturbed resonant-like form at
the points of σ(ρSR) minimum, that is demonstrated in
Fig. 8(b) for α = 45◦. Whereas at the tilt angle α = 90◦
angular distributions of dσ/dΩ are strongly anisotropic
at the points of a minimum of total cross section depen-
dence σB(ρSR), indicating that the s−wave contribution
is suppressed and the scattering is governed by higher
partial waves. So, in contrast to the central potentials,
the 2D low-energy dipolar scattering of bosons is strongly
anisotropic and its properties are highly sensitive to the
SRI radius as well as dipoles mutual orientation.
The angular distributions of differential cross section
dσ/dΩ of the dipolar scattering of fermions are always
anisotropic. As shown in Fig. 8(e,g) at the points
ρSR/D = 0.073, 0.415, respectively, their shapes are al-
most the same for α = 45◦(e) and 90◦(g) at the po-
sitions of SRI-resonances; while at non-resonant ρSR
points the differential cross section dσ/dΩ changes with
increasing α, as illustrated in Fig. 8(f,h) at the points
ρSR/D = 0.25, 0.39 respectively. In Fig. 8(e,f,g,h) Q
F
X
and QFY denote dσF /dΩcos(φ) and dσF /dΩ sin(φ) re-
spectively. The angular distributions of the 2D dipolar
scattering differ significantly from the angular distribu-
tions of differential cross sections of the 3D dipolar scat-
tering [47]. Dipolar fermions can scatter more strongly
than dipolar bosons in the 3D case [47], whereas in a 2D
case the cross section of dipolar scattering of fermions is
several orders of magnitude less than the scattering cross
section of bosons at low energies. The dependencies of
the differential cross section of the boson and fermion 2D
scattering on the incident angle φq also differ. In contrast
to the 3D dipolar scattering [47], the scattering of bosons
in a plane does not depend on the incident angle φq at
the resonant points, while it could be highly sensitive to
the incident angle in non-resonant points. The 2D scat-
tering of fermions always depends on the incident angle
φq.
IV. CONCLUSION
The impact of the short-range interaction on the res-
onances occurrence in the anisotropic dipolar scattering
in a plane was numerically investigated for different ori-
entations of the dipoles and for a wide range of collision
energies. We revealed the strong dependence of the cross
section on the radius of short-range interaction, which is
modeled by a hard wall potential and by the more realis-
tic Lennard-Jones potential. Both potentials showed an
almost equal applicability. The analysis of the obtained
results showed, that the short-range potential replace-
ment does not change of the resonance structure, leading
only to the slight shifts of resonance positions. The re-
sults of the accurate numerical calculations of the cross
section agree well with the results obtained within the
Born and eikonal approximations.
It was found, that the s−wave (p−wave) dominates in
the angular distributions of the differential cross section
at resonance points in the 2D dipolar scattering of iden-
tical bosons (identical fermions), whereas the higher par-
tial waves dominate at non-resonant points and the dif-
ferential cross sections are highly anisotropic. The cross
sections for the fermion scattering in a plane are sub-
stantially smaller, than those for bosons at low energies
of collisions, like in the low-energy 3D dipolar scatter-
ing [4]. At high energies cross sections of a 2D dipolar
scattering of fermions are comparable with the cross sec-
tions of bosons.
For both low and high collision energies, we reveal the
“threshold” values of the radius of the short-range inter-
action, below which there has been an appearance and a
growth of the number of resonances. We also defined the
critical (magic) tilt angle of one of the dipoles, depend-
ing on the direction of the second dipole for arbitrarily
oriented dipoles. It was found that resonances arise only
when this angle is exceeded. In the absence of the res-
onances the energy dependencies of the boson (fermion)
dipolar scattering cross section grows (is reduced) with
energy decrease in 2D case, in contrast to the 3D case,
where it has the form of a plateau for both bosons and
fermions [4]. We also showed that the mutual orienta-
tion of dipoles strongly affects the form of the energy
dependencies. Thus, at an increase of the dipoles tilt
angle α → 90◦ the resonant and non-resonant cross sec-
tion energy dependencies begin to oscillate, unlike the 3D
dipolar scattering [4, 31], where there is no such oscilla-
tions.
Obtained data on the 2D scattering cross sections of ar-
bitrarily oriented dipoles allow us to conclude that the oc-
currence and the resonances’ number could be controlled
also by varying the radius of the short-range interaction
and the dipoles mutual orientation.
ACKNOWLEDGMENTS
The authors acknowledge the support of the Russian
Foundation for Basic Research, Grant No. 19-32-80003.
11
(a) (b)
(c) (d)
(e) (f )
(g) (h)
Figure 8. The dependencies of the differential cross sections dσ/dΩ on the scattering angle φ at the different values of the
incident angle φq, which is changing along the Z-axis, for the resonant (a, c) and non-resonant (b, d) dipolar scattering of bosons;
as for resonant (e, g) and non-resonant (f, h) dipolar scattering of fermions. Here QBX = dσB/dΩ cos(φ), Q
B
Y = dσB/dΩsin(φ)
and QFX = dσF /dΩcos(φ), Q
F
Y = dσF/dΩ sin(φ). The data on the graphs is presented as layers for illustrative purposes. The
curves are presented for the tilt angles α = 45◦ (a, b, e, f) and 90◦ (c, d, g, h) of two aligned (β = 0◦; γ = α) dipoles.
12
[1] M. A. Baranov, Theoretical progress in many-body
physics with ultracold dipolar gases, Phys. Rep. 464, 71
(2008).
[2] T. Lahaye, C. Menotti, L. Santos, M. Lewenstein, and
T. Pfau, The physics of dipolar bosonic quantum gases,
Rep. Prog. Phys. 72, 126401 (2009).
[3] Y. Tang, W. Kao, K.-Y. Li, and B. L. Lev, Tuning the
dipole-dipole interaction in a quantum gas with a rotat-
ing magnetic field, Physical review letters 120, 230401
(2018).
[4] V. Roudnev and M. Cavagnero, Resonance phenomena
in ultracold dipole–dipole scattering, Journal of Physics
B: Atomic, Molecular and Optical Physics 42, 044017
(2009).
[5] P. Zhang and J. Jie, Effect of the short-range interaction
on low-energy collisions of ultracold dipoles, Physical Re-
view A 90, 062714 (2014).
[6] L. Chomaz, D. Petter, P. Ilzho¨fer, G. Natale, A. Traut-
mann, C. Politi, G. Durastante, R. Van Bijnen,
A. Patscheider, M. Sohmen, et al., Long-lived and tran-
sient supersolid behaviors in dipolar quantum gases,
Physical Review X 9, 021012 (2019).
[7] L. Tanzi, E. Lucioni, F. Fama`, J. Catani, A. Fioretti,
C. Gabbanini, R. N. Bisset, L. Santos, and G. Modugno,
Observation of a dipolar quantum gas with metastable
supersolid properties, Physical review letters 122, 130405
(2019).
[8] A. Frisch, M. Mark, K. Aikawa, F. Ferlaino, J. L. Bohn,
C. Makrides, A. Petrov, and S. Kotochigova, Quantum
chaos in ultracold collisions of gas-phase erbium atoms,
Nature 507, 475 (2014).
[9] T. Maier, H. Kadau, M. Schmitt, M. Wenzel, I. Ferrier-
Barbut, T. Pfau, A. Frisch, S. Baier, K. Aikawa,
L. Chomaz, et al., Emergence of chaotic scattering in ul-
tracold er and dy, Physical Review X 5, 041029 (2015).
[10] B. Yang, J. Pe´rez-R´ıos, and F. Robicheaux, Classical
fractals and quantum chaos in ultracold dipolar colli-
sions, Physical review letters 118, 154101 (2017).
[11] J. L. Bohn, A. M. Rey, and J. Ye, Cold molecules:
Progress in quantum engineering of chemistry and quan-
tum matter, Science 357, 1002 (2017).
[12] M. De Miranda, A. Chotia, B. Neyenhuis, D. Wang,
G. Que´me´ner, S. Ospelkaus, J. Bohn, J. Ye, and D. Jin,
Controlling the quantum stereodynamics of ultracold bi-
molecular reactions, Nature Physics 7, 502 (2011).
[13] A. Micheli, G. Pupillo, H. Bu¨chler, and P. Zoller, Cold
polar molecules in two-dimensional traps: Tailoring in-
teractions with external fields for novel quantum phases,
Physical Review A 76, 043604 (2007).
[14] I. Bloch, J. Dalibard, and W. Zwerger, Many-body
physics with ultracold gases, Reviews of modern physics
80, 885 (2008).
[15] A. Micheli, G. Brennen, and P. Zoller, A toolbox for
lattice-spin models with polar molecules, Nature Physics
2, 341 (2006).
[16] M. A. Baranov, M. Dalmonte, G. Pupillo, and P. Zoller,
Condensed matter theory of dipolar quantum gases,
Chemical Reviews 112, 5012 (2012).
[17] X. Ye, M. Guo, M. L. Gonza´lez-Mart´ınez, G. Que´me´ner,
and D. Wang, Collisions of ultracold 23na87rb molecules
with controlled chemical reactivities, Science advances 4,
eaaq0083 (2018).
[18] W. Go´recki and K. Rzaz˙ewski, Electric dipoles vs. mag-
netic dipoles-for two molecules in a harmonic trap, EPL
(Europhysics Letters) 118, 66002 (2017).
[19] K. Aikawa, A. Frisch, M. Mark, S. Baier, R. Grimm,
and F. Ferlaino, Reaching fermi degeneracy via universal
dipolar scattering, Physical review letters 112, 010404
(2014).
[20] T. Koch, T. Lahaye, J. Metz, B. Fro¨hlich, A. Griesmaier,
and T. Pfau, Stabilization of a purely dipolar quantum
gas against collapse, Nature physics 4, 218 (2008).
[21] K.-K. Ni, S. Ospelkaus, D. Wang, G. Quemener,
B. Neyenhuis, M. De Miranda, J. Bohn, J. Ye, and
D. Jin, Dipolar collisions of polar molecules in the quan-
tum regime, Nature 464, 1324 (2010).
[22] C. Ticknor, Two-dimensional dipolar scattering, Physical
Review A 80, 052702 (2009).
[23] C. Ticknor, Two-dimensional dipolar scattering with a
tilt, Physical Review A 84, 032702 (2011).
[24] C. Ticknor, R. M. Wilson, and J. L. Bohn, Anisotropic
superfluidity in a dipolar bose gas, Physical review letters
106, 065301 (2011).
[25] A. Volosniev, D. V. Fedorov, A. Jensen, and N. Zin-
ner, Model independence in two dimensions and polar-
ized cold dipolar molecules, Physical review letters 106,
250401 (2011).
[26] M. Rosenkranz and W. Bao, Scattering and bound states
in two-dimensional anisotropic potentials, Physical Re-
view A 84, 050701 (2011).
[27] E. A. Koval, O. A. Koval, and V. S. Melezhik, Anisotropic
quantum scattering in two dimensions, Physical Review
A 89, 052710 (2014).
[28] D. DeMille, Quantum computation with trapped polar
molecules, Physical Review Letters 88, 067901 (2002).
[29] K.-K. Ni, T. Rosenband, and D. D. Grimes, Dipolar ex-
change quantum logic gate with polar molecules, Chem-
ical science 9, 6830 (2018).
[30] B. Simon, The bound state of weakly coupled schro¨dinger
operators in one and two dimensions, Annals of Physics
97, 279 (1976).
[31] J. Bohn, M. Cavagnero, and C. Ticknor, Quasi-universal
dipolar scattering in cold and ultracold gases, New Jour-
nal of Physics 11, 055039 (2009).
[32] S. Ronen, D. C. Bortolotti, D. Blume, and J. L. Bohn,
Dipolar bose-einstein condensates with dipole-dependent
scattering length, Physical Review A 74, 033611 (2006).
[33] K. Kanjilal and D. Blume, Coupled-channel pseudopo-
tential description of the feshbach resonance in two di-
mensions, Physical Review A 73, 060701 (2006).
[34] T. M. Hanna, E. Tiesinga, W. F. Mitchell, and P. S. Juli-
enne, Resonant control of polar molecules in individual
sites of an optical lattice, Physical Review A 85, 022703
(2012).
[35] N. Q. Burdick, A. G. Sykes, Y. Tang, and B. L. Lev,
Anisotropic collisions of dipolar bose–einstein conden-
sates in the universal regime, New Journal of Physics
18, 113004 (2016).
[36] X. Wu, T. Gantner, M. Koller, M. Zeppenfeld, S. Cher-
venkov, and G. Rempe, A cryofuge for cold-collision ex-
periments with slow polar molecules, Science 358, 645
(2017).
13
[37] T. Karman, M. D. Frye, J. D. Reddel, and J. M. Hutson,
Near-threshold bound states of the dipole-dipole interac-
tion, Physical Review A 98, 062502 (2018).
[38] Y. Wang, P. Julienne, and C. H. Greene, Few-body
physics of ultracold atoms and molecules with long-
range interactions, in Annual Review of Cold Atoms and
Molecules (World Scientific, 2015) Chap. 2, pp. 77–134.
[39] M. L. Gonza´lez-Mart´ınez, J. L. Bohn, and G. Que´me´ner,
Adimensional theory of shielding in ultracold collisions
of dipolar rotors, Physical Review A 96, 032718 (2017).
[40] N. N. Kalitkin, A. V. Al’shin, E. A. Al’shina, and
V. V. Rogov, Computations on Quasi-Uniform Grids
(Fizmatlit, 2005).
[41] S. Giovanazzi, A. Go¨rlitz, and T. Pfau, Tuning the dipo-
lar interaction in quantum gases, Physical review letters
89, 130401 (2002).
[42] A. Macia, F. Mazzanti, J. Boronat, and R. Zillich, Micro-
scopic description of anisotropic low-density dipolar bose
gases in two dimensions, Physical Review A 84, 033625
(2011).
[43] H. Sadeghpour, J. Bohn, M. Cavagnero, B. Esry, I. Fab-
rikant, J. Macek, and A. Rau, Collisions near threshold
in atomic and molecular physics, Journal of Physics B:
Atomic, Molecular and Optical Physics 33, R93 (2000).
[44] I. R. Lapidus, Quantum-mechanical scattering in two di-
mensions, American Journal of Physics 50, 45 (1982).
[45] R. O ldziejewski and K. Jachymski, Properties of strongly
dipolar bose gases beyond the born approximation, Phys-
ical Review A 94, 063638 (2016).
[46] K. Kanjilal and D. Blume, Low-energy resonances and
bound states of aligned bosonic and fermionic dipoles,
Physical Review A 78, 040703 (2008).
[47] J. L. Bohn and D. S. Jin, Differential scattering and
rethermalization in ultracold dipolar gases, Physical Re-
view A 89, 022702 (2014).
[48] J. J. Sakurai and J. Napolitano,
Modern Quantum Mechanics , 2nd ed. (Cambridge
University Press, 2017).
[49] S. K. Adhikari and M. S. Hussein, Semiclassical scatter-
ing in two dimensions, American Journal of Physics 76,
1108 (2008).
